In optimal shape problems the derivatives of costs with respect to shapes are important, because it gives a direction of lower cost from an initial shape. The differentiability of costs strongly depends on shape derivatives of solutions of mechanical problems, stationary linearized flow problems, the Stokes problems. The shape derivatives are usually given automatically by the associated material derivatives. We show the convergence of shape difference quotients under sufficient conditions. These conditions are applied to the existence of the shape derivatives of the velocity and the pressure in the Stokes problems.
Introduction
Let D be a bounded domain of R d , d = 2, 3, having Lipschitz boundary Γ, S be a proper subdomain of D such that Σ = ∂S, the closure S is also a proper subset of D and let Ω = D \ S be a concerned domain. Some liquid with the velocity u = (u i ) 1≤i≤d and the pressure p is filled in Ω. Below we write the notation U i,j = (1)
(Ω) | Ω qdx = 0}. We assume that this flow is determined by the problem (P) Ω : find (u, p) in X × M , such that      −∆u i + p ,i = 0 in Ω,
Using the solution (u, p) of (2) with help of other function g :
ξ, η) ∈ R we shall define a cost function J(Ω) = J(Ω, u, p) as follows.
where sufficient regularity of g is assumed. Examples of such g are given by g = −u i p ,i (x) or g = f i u i (x), x ∈ Ω, called the pressure loss and the compliance, respectively. Here in the latter g f = (f i ) i is outer force. The aim is to give sufficient conditions of the regularity of domains and domain perturbations, which show the existence the shape derivatives of the velocity and the pressure.
Domain perturbation
We differentiate the function J(Ω) in the sense of Gateau at the initial domain Ω = Ω 0 . We look for a
is the totality of ρ having Lipschitz continuous k-th partial derivatives ∂ α ρ i , where α denotes a multi-index with |α| = k, chosen k = 0, 1, 2, with its support supp(ρ), the closure of
if the limit of the right hand side exists for some ρ ∈ X k+1 with a certain k. If a Gateau variation j ′ is regarded as
, is important for the traction method which determines an element ρ 0 ∈ X k+1 , where ρ 0 gives the lowest direction of cost as an element X k+1 (D) uniquely. The traction method begins first by H. Azegami [1] , and is applied to various optimal shape problems (see [2] and [3] ).
After here the velocity and the pressure in (2) with Ω = Ω ǫ are denoted by u ǫ and p ǫ respectively. In the next section let Σ 0 = ∂S 0 (= ∂Ω 0 \ ∂D). We denote by ν the unit normal vector on ∂Ω 0 .
The Gateau derivative of costs
Let g u = ( ∂g ∂ui ) 1≤u1≤d and g ∇p = ( ∂g ∂p,i ) 1≤i≤d . Under sufficient regularity of g, ρ ∈ {C k,1 (D)} d and Ω 0 we see
where u ′ and p ′ denote the shape derivatives of the velocity u ǫ and the pressure p ǫ defined by
Here (4) is derived by a process below.
where ω ǫ denotes Ω 0 ∩ Ω ǫ . The first term in the right hand side of (4) is obtained directly, after applying the wellknown limit formula to the sum of the first and the second one in the right hand side of (6) . The remaining g term of (6) determines the last term of the right hand side of (4) through the following equality 
Sufficient conditions for the existence of the shape derivatives
The existence of the shape derivatives are strongly connected to the existence of the material derivatives in general. The existences of the material derivatives and shape derivatives are derived by the convergences of material difference quotients and shape difference quotients respectively. Let (7) is called by the shape difference quotient of F ǫ at x. Let
We define the material difference quotient by δF ǫ ǫ (x). The definitions of the material difference quotient and the shape difference quotient imply directly
The lemma below is shown using basically important Lebesgue theory with tiredness computations.
Let ω be any domain such that the closure ω ⊂ Ω 0 . Then
Corollary 2 In Lemma 1 we further assume
The condition on the convergence of shape difference quotients needs the strong convergence of δF ǫ to 0 in H k+1 (Ω 0 ) and the weak convergence of the material difference quotients in H k (Ω 0 ).
The material derivatives of the velocity and the pressure
We assume
Let
Under (11), (12) and (13) (see Temam [4] ), the problem (14) admits a unique (u
A general method on the regulariy of solutions of elliptic systems using an open covering {W i } i of Ω 0 introduced in the paragraph below (28), is applied to (14) with ǫ = 0. Since both
and its inverse (T ǫ ) −1 are continuous between X 0 k+1 and X ǫ k+1 , we see the existence of ǫ 1 , which depends on constants C 0,k , C 3 and C 4 in (28) (see [5] ), such that
Letû
Then estimates (15) and (16) imply that there exists a constant C 1 independent of ǫ ∈ (0, ǫ 1 ] such that
The estimate (26) is implied by the lemma below.
Lemma 3 There exists a constant C 0 such that, for all q ∈ M ,
The [5] ), the estimate (19) implies
This is an estimate for k = 0. For others k = 1, 2 with the assumptions (11), (12) and (13) we obtain more estimates of δ(û ǫ −Û ) X k+1 and δp ǫ H k (Ω 0 ) . A general estimate of solutions of the Stokes problem, (21) to (24) (see, for example Proposition 2.3, p. 25 [4] or [5] ) is described as
where C 2 depends on C 1 in (19), C 3 and C 4 below.
Here, let {W i } 0≤i≤N and {Z i } 1≤i≤N be two families of local coordinate open neighbourhoods and also open sets in
∈ R} with some functions {φ i (ξ)} 1≤i≤N . We show an exact description on the regularity of (û ǫ ,p ǫ ) in [5] using above {W i }, {Z i }. By (27) for any sequence of {ǫ m } decreasing to 0 we have a subsequence ǫ mn such asû n =û ǫm n ,p n =p (21) to (24), we divide them by ǫ mn and get
Increasing n to ∞ in (29) with help of (17) implies
Since the variational equalities (30) determine a pair (w, r) uniquely, a weak limit of pairs of any subsequence (
) becomes the same one. This means
. Hence we get (w, r) = (u,ṗ), because (w, r) is a limit of the material difference quotients of (
Theorem 4 We assume (11), (12) and (13) with k = 0, 1, 2. Let (u ǫ , p ǫ ) be a pair uniquely determined by the problem (P) Ω ǫ and set (û
The pair (u,ṗ) (∈ X k+1 × H k ) is uniquely determined by the problem :
6. The shape derivatives of the velocity and the pressure Let k = 1, 2. All the preparation for the convergence of the shape difference quotients of the velocity and the pressure are done till now and we notice that 
In our setting we have
In the theorem, in spite of (38) the term U ′ is described explicitly, because a general form is seen in this case.
Theorem 5 Let k = 1, 2. We assume (11), (12) and (13). Let ω be a any domain such that ω ⊂ Ω 0 . Then
as ǫ → +0. The shape derivative (u ′ , p ′ ) is determined uniquely as the solutions of the problem (Q) Ω 0 : find
Remark 6 The variational equalities in (40) are written as
Proof Under the assumptions in Theorem 5 we have
First putting v = ζ ∈ {C ∞ 0 (Ω 0 )} d into (29), for small enough ǫ 2 such that, ∀ǫ ∈ (0, ǫ 2 ], supp(ζ) ⊂ Ω ǫ ∩Ω 0 , after putting (41) and (42) into (29), applying (43) and (44), using the integration by parts, we change each factor of partial derivatives such as ∂ α ζ i to the factor ζ i , after a lot of tedious computation, we get a simple form below
The relations from (41) to (43) imply (û −Û ) i,i = (ρ j (u i,j − U i,j )) ,i + (u ′ − U ′ ) i,i and then we obtain the last equality of (40) with help of (u − U ) i,i = 0. The first one of (40) is given by the a definition, u ′ =u − ρ j u ,j on Σ 0 (just as (2.163) or (2.169) of [7] ), shown to be justified by the trace of u ′ . The second equality of (40) is implied directly.
(QED)
A general description on the material and shape derivatives are shown in [7] and [8] . In the latter one the convergence of the material difference quotients is implied by the regularity of associated functions assured by the implicit function theorem (the proof of Proposition 2.82 of [7] , for example). In this note, estimates on solutions of elliptic systems are directly and fully applied to the convergence of material or shape difference quotients. Hence results are slightly different each other. The method of our paper can be applied to the behaviour of the solutions of the Poisson equation −∆u ǫ = f in Ω ǫ , u ǫ = 0 on ∂Ω ǫ . Propositions 2.82 and 2.83 in [7] show that 
